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Many algebraic expressions that describe costs of environmental projects are
examples of rational expressions. First we will define rational expressions. Then we
will review how to perform operations with such expressions.

() specify numbers that must be Rational Expressions
excluded from the domain of a

: n " o ; ials,

rational expressian. A rational expression is the quotient of two polynomials. Some examples are
x—2 4 & nd 241

» ; , @ :

4 7 x=2 -1 2+ 2x -3

The set of real numbers for which an algebraic expression is defined is the
domain of the expression. Because rational expressions indicate division and
division by zero is undefined, we must exclude numbers from a rational expression’s
domain that make the denominator zero.

EXAMPLE I ) Excluding Numbers from the Domain

Find all the numbers that must be excluded from the domain of each rational
expression:
4 X

a. ;
X =2 -1

Solution To determine the numbers that must be excluded from each domain,
examine the denominators.

4 b X - x
x—-2 -1 (x+1Dx-1)

This dancminator would This faster would This fector would
oqual zoro If x=2. oqual zaro if x =—1, oquel zoro i x =1,

For the rational expression in part (a), we must exclude 2 from the domain. For
the rational expression in part (b), we must exclude both —1 and 1 from the
domain. These excluded numbers are often written to the right of a rational
expression:

%,x#z x#*F-1l,x#1 -«

X
2 x2=-1"

V‘CD‘V Check Point 1 Find all the numbers that must be excluded from the domain of
- each rational expression:

a z b -
Tx 45 T At - 36
() simplify rational expressions. Simplifying Rational Expressions

A rational expression is simplified if its numerator and denominator have no
common factors other than 1 or —1. The following procedure can be used to simplify
rational expressions:

Simplifying Rational Expressions
1. Factor the numerator and the denominator completely.
2, Divide both the numerator and the denominator by any common factors.



{}i Multiply rational expressions.
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Simplifying Rational Expressions

Simplify:
2+ x? £ +6x+5
Cox+1 X -125
Solution
x:! + Iz _ x2(x + 1) Factor the numerator. Because the denominator is
Tox+1 x+1 x b Lx # 1
2 1
Hx+1)
R Dlvide out the common facton x + 1,
x—<1!-”1'
=2 x%# =1  Denominators of 1 need not be written because | = a.
P+éx+5 (x+5x+1) Factor the numerator and denomina-
b. 2 = 25 = (x el S}{x _ 5) tor. Because the denominator is
(x+B)(x—5)x# —Hand x # 6.
1
Le+5)(x + 1)
= Divide out the common factor, x + 5.
—+5)(x — 5)
1
x4+ 1
= = x# -5 x#5 [ ]

B Check Point 2 Simplity:

224342 2-1
A b. —.
x+3 B+ +1

Multiplying Rational Expressions

The product of two rational expressions is the product of their numerators divided by
the product of their denominators. Here is a step-by-step procedure for multiplying
rational expressions:

Multiplying Rational Expressions
1. Factor all numerators and denominators completely.

2. Divide numerators and denominators by common factors.

3. Multiply the remaining factors in the numerators and multiply the remaining
factors in the denominators.
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EXAMPLE 3 ) Multiplying Rational Expressions

x—7 x-1

Multiply: m'éx—_zi‘
Solution
£=7 x=1
x-=1 3x-21
=x—7‘{x+1)(x—1}
x=1 (x—1T)

K 1
_x7 x+ 1z
"r—;—; 3=y

+
=x31,x# Lx# 7

Thess exsludad numbers from the
domain must also ba excluded From
the simplified exprossion’s domain,

D Check Point 3 Multiply:

This is the given multiplication problem.

Factor as many numerators and denominators
as possible, Because the denominators have
factors of x — 1and x — 7,x # 1and x # 7.
Divide numerators and denominatore by
common factors.

Multiply the remalning factors In the numerators
Py a3
and denominators.

r+3 P-z—6
P-4 P +6x+9

() Divide rational expressions.

Dividing Rational Expressions

The quotient of two rational expressions is the product of the first expression
and the multiplicative inverse, or reciprocal, of the second expression. The
reciprocal is found by interchanging the numerator and the denominator. Thus,
we find the quotient of two rational expressions by inverting the divisor and

multiplying.

EXAMPLE 4 ) Dividing Rational Expressions

x2—2x—8;x-4

Biifer == et

Solution

.1:2—21:—8;3:—4
=9 x+3
o == § xd g
N x* -9 x—4
_(x—4)(x+2}_x+3
C(x+3)(x-3) x—4

(2 +2) )
G-

x+2
-3

X #E -3, x#=3x#4

This is the given division problem,

Invert the divisor and multiply,

Factor as many numeratore and denominators
as poesible. For nonzero denominators,
X# -, x#3,andx # 4.

Divide numerators and denominators by
common factors.

Multiply the remaining fastors in the
humerators and in the denominators,



G Add and subtract rational
exprassions.

Study Tip

Example 5 shows that when a
numerator is being subtracted, we
must sublract every term in that
expression.
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WCheck Point 4 Divide:

¥=2x+1 x4x-2

Prx 0 32+3

Adding and Subtracting Rational Expressions
with the Same Denominator

‘We add or subtract rational expressions with the same denominator by (1) adding or
subtracting the numerators, (2) placing this result over the common denominator,
and (3) simplifying, if possible.

EXAMPLE 5 ) Subtracting Rational Expressions with the Same

Denominator

S5xr+1 dx-2

Subfract: —; i ,
=9 x-9
Solution
Den't farget the paranthesss. Subtract numerators and include
parentheses to Indlcate that both
Sx +1 4x — 2 55+ 1 — (4JC s 2) terme are subtracted, Place thie
Z2-9 - 2-09 =i 2-9 difference over the common
denominator.
_ Sx+1—4x+2 Remove parentheses and then
x2 -9 change the sign of each term in
parentheses.
x+3 e
= Combine like terms.
-9
1
L F A simplify (x # —% and
= actor and simplify (x # —3 and
-9 ‘*5)
1
= ,Xx# =3,x#3 L
x—-3
7 X 3x+ 2
Check Point 5 Subtract: -
"{5 o+l x+1

Adding and Subtracting Rational Expressions
with Different Denominators

Rational expressions that have no common factors in their denominators can be
added or subtracted using one of the following properties:

¢ ad+ b a ¢ ad - bc
P bd E_d_ bd ,b#0,d#0.

The denominator, bd, is the product of the factors in the two denominators. Because
we are considering rational expressions that have no common factors in their
denominators, the product bd gives the least common denominator.
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EXAMPLE 6 ) Subtracting Rational Expressions Having No

Common Factors in Their Denominators

x+2 __4
x—3 x+3°

Subtract:

Solution We need to find the least common denominator. This is the product of
the distinct factors in each denominator, namely (2x — 3)(x + 3). We can therefore
use the subtraction property given previously as follows:

B ad — be
b d bd
Observe that
x+2 _ 4 _(x+2)(x+3)- (2x-3)4 a=x+2,b=2x—75c=4,
2x—3 x+3 (2x = 3)(x + 3) andd = x + 3.
X2+ 5x + 6 — (8x — 12) ;
= [tiply.
(2x - 3)(x + 3) e i
24 55+ 6 — 8x + 12 Remove parentheses and
= then change the eign of
(216 - 3}("‘: £l 3) each term in parentheses.
2
x*—3x+18 3 Combine llke terme in the
- (2x = 3)(x + 3),)5 * i"x il numerator. =
@ Check Point 6 Add: —— + —>—
v x+1 x-1

The least common denominator, or LCD, of several rational expressions is a
polynomial consisting of the product of all prime factors in the denominators, with
each factor raised to the greatest power of its occurrence in any denominator. When
adding and subtracting rational expressions that have different denominators with
one or more common factors in the denominators, it is efficient to find the least
common denominator first.

Finding the Least Common Denominator

1. Factor each denominator completely.

2. List the factors of the first denominator.

3. Add to the list in step 2 any factors of the second denominator that do not
appear in the list.

4. Form the product of the factors from the list in step 3. This product is the
least common denominator.

EXAMPLE 7 ) Finding the Least Common Denominator

Find the least common denominator of
7 and 9
5x% + 15x ¥ +6x+9
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Salution
Step1 Factor each denominator completely.
5% + 15x = Sx(x + 3)
b+ 9={x+32 or (x+3)(x+3)

Fustors are 7 9 Feetors are

5 %, and x4 3. 5[:__4_ 15% xil 6x + 0 x+3mix+3

Step2 List the factors of the first denominator,
5,x,x+3
Step 3 Add any unlisted factors from the second demominator. One factor of

X+ 6x+9is already in our list. That factor is x + 3. However, the other factor
of x + 3 is not listed in step 2. We add a second factor of x + 3 to the list. We have

S, x,x+3,x+3.

Step 4 The least common denominator is the product of all factors in the final
list. Thus,

Sx(x +3)(x +3) or Sx(x +3)?
is the least common denominator. a2

Find the least common denominator of

1 4 | i
X —6x+9 -9

Finding the least common denominator for two (or more) rational expressions
is the first step needed to add or subtract the expressions.

Adding and Subtracting Raticnal Expressions That Have Different
Denominators
1. Find the LCD of the rational expressions.

2. Rewrite each rational expression as an equivalent expression whose denom-
inator is the LCD. To do so, multiply the numerator and the denominator of
each rational expression by any factor(s) needed to convert the denominator
into the LCD.

3. Add or subtract numerators, placing the resulting cxpression over the
LCD.

4. If possible, simplify the resulting rational expression.

al Expressions with Different

x+3 2
+

Add: ——mm—— .
P+x-2 x-1
Solution

Step1 Find the least common denominator. Start by factoring the denominators.
2 x=2=(x+2)(x—1)
x2—1=(x+1)(x71)
The factors of the first denominator are x + 2 and x — 1. The only factor from the
second denominator that is not listed is x + 1. Thus, the [east common denominator is
(2 +2)(x = 1)(x + 1).
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Step 2 Write equivalent expressions with the LCD as denominators. We must
rewrite each rational expression with a denominator of (x + 2)(x — 1)}{x + 1). We
do so by mulliplying both the numerator and the denominator of each rational
expression by any factor(s) needed to convert the expression’s denominator into the

LCD.
x 43 e (x +3)(x + 1) 2 ‘ _ 2(x +2)
(e +2)(x—1) T+ )x-1)(x+ 1) [ T e ) T x+2)(x - D{x + 1)
Multiply the numerater and denaminator by Hultiply the numsrater and denominator by
X+ 1 to gat (v + 20y —1){x + 1), tha LCD. X +2 o got (x + 2){x — 1) [x + 1}, tha LED.
B s =1and > % 1 t changing the value of either rational
ccause r+1 = lan =D » We are not changing the na

expression, only its appearance.
Now we are ready to perform the indicated addition.

x+3 2
3 + -3
25k R=2 Xl

B x+3 P 2
T+ 2)(x- 1) (x+ D(x 1)

B (x +3)x+ 1) 2
TGEAAE-Da D Tt DE-DEFD

‘

Step3 Add numerators, putting this sum over the LCD,
(43 + 1)+ 2(x+2)
T EFx-1)(x+ 1)

xthdx 43+ 2x+ 4
(x +2)(x — 1){x+ 1)

x*+ 6x + 7

.. g ... L SO Y, -
GrE-Dx+n * BrrLhaEl

Step 4 If necessary, simplify. Because the numerator is prime, no further
simplification is possible. &

X x —4
Subtract: e — - .
e S 10k 125 2x—10

Simplify complex rational Complex
expressions.

Complex rational expressions, also called complex fractions, have numerators or
denominators containing one or more rational expressions. Here are two examples
of such expressions:

Separate rational
1 1 Beprassions agenr
X

1+ -1— Saparate rationsl in the numeratsr,
X

axpressions sacur
in the nums rader
L= x aad tha daseminatar,

,_l
=
..E..

sake|

=
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One method for simplifying a complex rational expression is to combine its
numerator inlo a single expression and combine its denominator into a single

expression. Then perform the division by inverting the denominator and multiplying.

Simplifying a Complex Rational Expression

141

Simplify: T
1 s .

x

Sotution
Step1 Add to get a single rational expression in the numerator.
1 1 1 1- 1 % 1 Xkl

1y ==+ =—=— 4+ = =2 4 — =
x 1 x 1 x x x X

The LOD ie £ - %, or .

Step2 Subtract to get a single rational expression in the denominator.
1 1 _1- 1 T o=l

poLl_1_1_1x_1 _
X

* 4, 1 x x X

X
X

The GO is 1+ x, or x.

Step 3 Perform the division indicated by the main fraction bar: Invert and
multiply. If possible, simplify.

1 x+1

1
1+ ¥ _ X _ x::]’_w_f__-__.f_"-l . .,7,x;'::' x +1
1 x =1 x X1 X = 1 =1
I = 1
x x

Simplify: 3’5—3—

x 4

A second method for simplifying a complex rational expression is to find the
lcast common denominator of all the rational expressions in its numerator and
denominator. Then multiply each term in its numerator and denominator by this
least common denominator. Because we are multiplying by a form of 1, we will
obtain an equivalent expression that does not contain fractions in its numerator or
denominator. Here we use this method to simplify the complex rational
expression in Example 9.

1+l (1+l)

e g N RS

1ot (1_1)
X X

i
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Simplifying a Complex Rational Expression

11
7
Simplify: Hh—’i

Solution We will use the method of multiplying each of the three terms,
ﬁi,%, and A, by the least common denominator. The least common denomi-

nator is x(x + k).

1 1
x+h x
h
1 1
(x . ;)x(x + k) Multiply the humerator and denominator by
= Ak + ) x(x + h,h#0,x+# 0,x% —h

~x(x . H) —%'x(x + h)

x+h
= hx(x T h) Use the distributive property in the numerator.
x—(x+h) ' — )
e Simplify: -X(x—"#) = x an,
hx(x + h) o
E'Ji(x +h)=x+h
_X—x- h Sublract in the numerator, Remove parenthesss
hx{x + h) and change the sign of each term In parentheses.
1
20 Simplify: h h.
S T Simplity: X —x — h = —h.
Hix(x + h) P
1 . ;
=~——-=—h#0,x#0,x # —h Divide the numerator and denominator by h.
x(x + h) o
L1
. STy +7 x
w@Check Point 10 Simplify: =

Exercise Set P.6

In Exercises 7-14, simplify each rational expression. Find all

numbers that must be excluded from the domain of the simplified
In Exercises 1-6, find all numbers that must be excluded from the  pgtional expression.

domain of each rational expression.

3x—9 8 4x — 8
1—7 2. = "X -6x+9 "Xl —4x+ 4
"x-3 x+9
Xt — 12x + 36 x* = 8x + 16
x+5 x+7 9, T — 2270 10, — 222
3. = 25 4. =i dx — 24 3x-12
o
-1 x—3 Y+ Ty — 18 Y -dy-5
U i S 64— —— . g =TT
* x4+ 11x + 10 2+ d4x — 45 y-3y+2 Yy +35y+4



